ON THE SUBGROUPS OF ORDER A POWER OF p
IN THE QUATERNARY ABELIAN GROUP IN THE
GALOIS FIELD OF ORDER p™*

BY

LEONARD EUGENE DICKSON

1. The problem of the p-section of the periods of hyperelliptic functions of
four periods leads to the quaternary abelian group modulo p,"“where p is sup-
posed to be an odd prime number. The equation for this p-section has two
essentially distinct resolvents of degree (p* —1)/(p — 1), as shown by JorDAN
and as follows incidentally in the present paper, §§2, 4 (Corollary), 16.

For the case p =3, the group arises in the problem of the 27 lines on a
general cubic surface, as well as in the reduction of a binary sextic to CAYLEY’s
canonican form 7% — U3,

The question of the existence of resolvents of degree lower than that mentioned
above and the related, but more general, problem of the determination of all the
subgroups of the abelian group form the subject of investigations now in prog-
ress by the writer. On account of the great complexity } of these problems
only small values of p are being considered. The discussions for the various
values of p have at least one question in common, that of the subgroups of order
a power of p. To avoid duplication, this question is here treated for general p,
together with a number of related questions.

2. The group of quaternary special abelian substitutions in the GF [p"] has
a self-conjugate subgroup composed of the identity and the substitution which
merely changes the sign of each variable. The quotient group G is simple
except in the case p =2, n=1, when it is holoedrically isomorphic with the
symmetric group on 6 letters.§ The order of G is

pt(pt=1)(pn=1) i p>2; pn(pt—1)(p"—1) if p=2.

* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received
for publication June 23, 1903.

t Traité des Substitutions, Note E, p. 666 ; Comptes Rendus (1870), pp. 326-328, 1028.

t Compare JORDAN, Note E, loc. cit.

4 Linear Groups, pp. 94-100.
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The operators of G are conveniently designated as follows :

( all (yll al2 712

(1) + Bll 811 BIZ 812

a2l 721 a22 'y22

L1821‘ 821 1822 822)

Whén_needed, the variables are designated £, 7,, £,, 7, in order.
An abelian substitution permutes the p* — 1 letters L, , , . in which
&, m,, &, n, are not simultaneously zero. Combining them into systems

{L where u ranges over the marks 4 0 of the GF [ p"]},

wéry wm, mée pne >

we obtain (p* — 1)/(p" — 1) systems which are permuted amongst themselves
by the homogeneous abelian substitutions. Hence the group G may be repre-
sented as a (transitive 1) substitution group on (p* —1)/(p" — 1) letters.

3. An operator of G is commutative with L, , if and only if it be of the form

[ 1 k a c

0 1 0 0
(2) :J:‘ (ad—By=1).
0 ac—wya a fy]

!0 Bec—da B )

The number of .these operators is p*.(p*™ —1)p". They form a subgroup
Gpumipn_y» In view of their importance and frequent occurrence a notation for
certain of these operators is introduced :

k a c)

1 0 0
3) [k,a,c,y] ==

1

0

0 c—qa 1 v '
0 —a O 1
They form a group G,.. in view of the formula of composition

[K,A4,C, ][k, a,c,qv]
4)
=[K+k+aC—cd—adl', A+ a,C+c+al, T+ v].
It follows that the second, third, fourth and fifth powers of (3) are respec-

tively
[2k — d*y, 2a, 2¢ + ay, 2v], [ 8k — 4d’y, 8a, 8¢ + 3ay, 3v],

tAmericanJournal of Mathematics, vol. 23 (1901), p. 367.
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[4k — 10d%y, 4a, 4c + 6ay, 4v], [6k — 20a%y, ba, ¢ + 10ay, 5v].
By one-step induction, we readily find that

(6) [*k,a,c, 9] = [rk—ir(r*—1)a’y, ra, rc + }r(r—1)ay, rv].

It follows that, if p>>8, the pth power of [k, a, ¢, ¥]is [0, 0, 0, 0], namely,
identity ; for p = 2 or 3, the power p?is the identity, while the pth power is
the identity if and only if ay = 0.

THEOREM. For p > 3 the group G,. contains, in addition to the identity,
only operators of period p. For p=2 or 3, it contains only operators of
periods 1, p, p*

Since p* is the highest power of p which divides the order of G, there is a
single set of conjugate subgroups of order p**.

COROLLARY.* For p > 8, the group G contains no operator of period p®,
a>1. Forp=2or3, G contains no operator of period p*, a > 2.

4. TaeorEM. Within G, the group G ,. is self-conjugate only under the

group

[y, Tu Ay Mo
©) @ (G T Ty )i | i ° 0
) = 5 = o ‘
$pin(pn—1)2 Yy T1Lar 2 a0 _ )
P | 0 o (Y= %) % Vo
0 —atata, 0 o

The operator (1) transforms [ %, a, ¢, v ] into an operator 7 replacing #, by
A€ + Byn, + C,& + D,1,,
where, after reductions by means of the abelian conditions on (1),
A, = — kB — 9B, + 208, 8, — 268, B, + avBy By
B, =1 + koy, B, + 72,8, — @By vy, — 0y, 85 + ooy By, + By 2y — avay, By,
C,= — kB, By — BBy + By, 8y, + ad,, B, — ¢B,, By, — B, By + a8, By
D, = kB, 0, + ¥B,0, — aB), ¥y — a0, + B, 2y + cay By — aya, B,,-
Since 7’ shall belong to G4 (,2_), We must have
A4,=0, B,=1, C,=0, D,=0,

for every set of marks %, @, ¢, v of the GF [p"]. But a linear homogeneous
function of %, a, ¢, v, ay with coefficients in a field # of order > 1 equals zero for

* Compare Transactions, vol. 2 (1901), p. 113. The signs of Z and W in the footnote
should be changed.
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every mark %, @, ¢, v of ' if and only if each of its coefficients is zero. Hence
A, =0 requires that 8, = B,=0; then B, =1 requires that «,8,=0;

1 712

O, = 0 requires that 8,8, = 0; D, = 0 requires that 8,2, =0. If§,+ 0,
then all the coefficients in the first column of (1) are zero. Hence 6, = 0.

Applying the abelian conditions, we find that (1) becomes

]
n u %2 Y

al 0 O

11

(T +

Oy = aﬁl( Baa Y12 — o2 05)
03020 — Bra¥a =1

Yar = a7y (g3 Y13 — 1 ¥p)
k]
Y %2 Vo

821 '822 822]

S O O R

The latter is seen to transform [ %, @, ¢, v] into

[ 1 k' aa, 8, —ca, B,,—v,B, ¢
0 1 0 0
=+ . ’
0 Cayy Oy == QA VYgy— AY Yy a22+'7a12 o) 1_'7a22'322 V%s
0 ca,, B,,—aay, 8,,—ayay, B+, 8, — 85, 14va,B,, |
where

’ 2 2 g
k= kau - 2“‘111 Yz +2ca11 a,, — ayay, a,+ Yz €= cauazz_aan'yzz"*' Vg %y e

For v % 0, this operator is of the form (2) with 8= 0 only when 8,,=0.
Inversely, if B,, = 0, it has the form [%', aa, 3,,, ¢, yai,].

Since (T) is the product of an operator (2) by 7} , and since the latter
transforms every operator (2) into an operator (2), we derive

CoroLLarY 1. Within G, the group G um._,, is self-conjugate only
under the group Gy pun gin_ypny= (Gpumipn_ry> 11,.) of the operators (7). The
latter is therefore one of (p** — 1)/(p™ — 1) conjugate subgroups of G .

CoroLLARY IL.  Within G, the group G pmpm_1y is self-conjugate only
under itself and hence is one of (p™ + 1)(p™ + 1)* conjugate subgroups.

Distribution of the operators of Gpm into sets of conjugates.

5. Upon specialization of (7) by setting o, =1, a,=8,=1, B,,=0, it
follows from the preceding section that [ p, ¢, r, s] transforms [%, a, ¢, v]
into

[k + 29c — 2ra — qay + g™y, a, ¢+ qy — sa, v].

In order that the latter shall be identical with [ %, «, c, v ] for every p, ¢, 7, s,
it is necessary and: sufficient that e =y =c=01if p > 2, and that a =y =0
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if p=2. Hence the only self-conjugate operators in G, are [k,0,0,0]
p>2,butare [k,0,c,0]if p=2.

Henceforth let p > 2. Let a and v have fixed values each 4 0. Then
[%, a, c, v] is conjugate with [%', @, ¢’, v] if and only if

k'=Fk + 29c — 2ra — qary + ¢*vy, c’=c+qy—sa

have solutions p, ¢, 7, s in the field. The second equation can be satisfied
by a suitable choice of ¢ or s, and the first by a subsequent choice of ». Hence
the operators [k, a,c,v],a=0,q =40, fall into (p"—1)* sets S, , each
of p™ conjugate operators within G .

An operator [%,a,c,0],a <4 0, is conjugate with [%, @, ¢’, 0] if and
only if there exist solutions ¢, r, s of

kE'=k+ 29c — 2ra, ¢'=c—sa.

We may take ¢ =0 and determine » and s by the first and second equations,
respectively. Hence the operators [k, a,c, 0], a % 0, fall into p* — 1 sets
8, each of p™ conjugate operators.

Similarly, the operators [k, 0,¢, 0], ¢ 4 0, fall into p~ — 1 sets S each
of p* conjugate operators.

There remain the operators [%, 0, c,y], v 4 0. The latter is conjugate
only with [%', 0, ¢’, y], where X’ =% + 2gc + ¢y, ¢’ =c + ¢qy. Hence

q=f;(c'_c), F=Fk+ }7(0'2_&).

Hence if %, ¢, c’, vy are any given marks such that o 4 0, there exists an
unique mark %’ for which [%, 0, ¢, v] and [%', 0, ¢’, v] are conjugate.
Hence the operators [k, 0, ¢, v], v 0, fall into p*(p" —1) sets 2, each
of p" conjugate operators.

For aset S, ., S, or S, the subscripts are defining invariants. But for
Z,,,» the subscript v alone is an invariant.

THEOREM. The operators of G ,u fall into 2p™ — 1 distinct sets of con-
Jugate operators ; p" sets contain each a single operator, p™ — p" sets contain
each p™ operators, p* — 1 sets contain each p™ operators.

6. In illustration of the results of § 5, consider the important case p" = 3.
Then, by §8, [£, a,c,y]*=[0,0, 0, 0] = identity if and only if ay=0.
Hence the 44 operators of period 8 in G, are [k, a,c,0] and [%£,0,¢,v],
excluding [0, 0,0,0]. The remaining 36 operators [k, a, ¢, v], ay £+ 0,
are of period 9. The 81 operators fall into the following 17 sets of conjugates : *

* The last six sets may be given compactly as follows
{[k,0,1,7],[k,0,—1,7],[k—7,0,0,7]} (&=0,1,-1;y=1,-1).
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[0,0,0,03}; [1,0,0,0]; [—-1,0,0,07;

[k,1,¢,1]; [k,1,¢,—1]; [k,—1,c¢,1]; [k,—1,c,—1];
[#,1,¢,0]; [k, —1,¢,0]; [#,0,1,0]; [k,0,—-1,07;
{o,0,1,+=1],[0,0,—-1,+1],[+1,0,0, 1]}
{[0,0,0,+1], [+1,0,1,+1],[£1,0,—-1,+1]};
{[%£1,0,0,£1],[+1,0,1,%+1],[£1,0,—-1,=%£1]},

where the upper (or lower) signs belong together, while the operators given by
kyc=0,1, —1 belong to the same set.

Determination of the self-conjugate subgroups of G ..

7. If a self-conjugate subgroup / contains one operator of a set
8,5 a=+0,v=%0,it contains every [%, a, ¢, yv], & and c¢ being arbitrary.
By (5), H contains one, and hence every, operator [k, ra, c, 7y], for each
integer r=1, 2, ..., p—1. But, by (4),

[K’ Ra, C, R'Y] [k, ra, C, r'Y]
=[K+k+raC— Rac— R*rd’y, (R+r)a, C+ c+ Rray, (R +r)y].

It follows first that /7 contains also every [%, 0, ¢, 0] and second that / con-
tains the group

8) Hyy={[k,ra,c,ry],(r=0,1,2,...,p—1; k and ¢ arbitrary)}.
P p J

Note that (@, v)and (a’, y") define the same group if @’ /a = ' /y = an integer
prime to p, so that there are p™~'(p" — 1) distinet groups (8).

If H contains one operator of a set S,, @ & 0, it contains [%, a, ¢, 0] for &
and c arbitrary. Then, by (5), H contains every [ %,7a,c, 0],r=1,...,p—1-.
By (4),

[K, Ba, C,0][k,ra,¢,0]=[K+k+raC— Rac,(R+r)e, C+c,0].
Hence H contains also every [%, 0, ¢, 0], and contains the group
(9) i1 = {[kyra,¢c,0],(r=0,1,.-., p—1; k and c arbitrary)}.

If H contains one operator of a set S, ¢ 4 0, it contains [%, 0, ¢, 0] for
k arbitrary. The rth power of the latter is [, 0, rc, 0]. Also

[K,0, Rc,0][k,0,rc,0]=[H+%,0, Rc+rc,0].
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Hence H contains the commutative group
(10) K= {[k,0,7¢,0],(r=0,1,...,p—1; k arbitrary)}.
If H contains [%, 0, 0, 0], it contains the cyclic group
(11) Ci={[rk,0,0,0],(r=0,1,---,p—1)}.
Finally, let H contain one [k, 0,c,v], vy 0. By (4),
(12) [K,0,C, T][k,0.c,y]=[K+%,0,C+c,T +9].

Now [%, 0, ¢, y] is conjugate with [% + (c'z—c2)/fy, 0, ¢, v], ¢ being
arbitrary. - Multiplying the latter by the inverse of the former and setting
¢’—c=2nr,we get A=[(A+2xrc)/y, 0, A, 0], which therefore occurs in
H for \ arbitrary. Replacing A by — A, and taking the product of the result-
ing operator by 4, we get [2\*/y, 0,0, 0]. Hence, if p > 2, H contains
every [£, 0,0, 0], since AZ — A? can be made to take any desired value, so
that H contains every [k, 0,¢c, 0]. The same result follows for any p by § 5,
since 4 is conjugate with every [4, 0, A, 0]. By (5),

[£,0,¢c,v] = [rk, 0, rc, ry].
Hence H contains the commutative group
(13)  AHYwa= {[%,0,¢,7v],(r=0,1,..-, p—1; & and c arbitrary)}.

THEOREM. The p"~'(p"—1) groups (8), the p' groups (9), the p !
groups (10), the p™=' groups (11) in addition to the identity, and the p"~!
groups (18), together with all groups resulting from their combination, give all
the self-conjugate subgroups of G ..

8. For n =1, the complete list of self-conjugate subgroups follows without
further computation. 'We may now drop one of the superscripts in the notation
for each group, giving the following groups: *

(8 HYy={[k, ta,c,a], (kya,c=0,1,...,p—1)}
(t=1,2,---,p—1),

9 Gu={[k a.c,0], (kya,e=0,1,...,p—1)},

(10" K= {[k,0,¢,0], (kyc=0,1,...,p—1)},

(11") C,={[k0,0,0], (k=0,1,...,p—1)},

(18" K= {[k,0,¢c,9], (kye,y=0,1,...,p—1)}.

*1In (8), only the ratio a/y is now invariant. It is set equal to ¢.
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Evidently C, lies in all these groups, while &, lies in all of order p°. Hence
a combination of two or more of these groups leads to no new group other than
Gp,. We may therefore state the

TaeoREM. The group G, contains only the self-conjugate subgroups (8")-
(18) in addition to itself and the identity.

Since a subgroup G,.. of . is necessarily self-conjugate, we have the

CoROLLARY. The p + 1 groups (8'), (9'), (18’) give all the subgroups of
order p* of G .

9. TueorEM. Within G jfor n =1, every subgroup of order p®is conju-
gate with* H,, G, or K, while no two of the latter are conjugate.

Within @&, every subgroup of order p®is contained + in one or more sub-
groups of order p*, the latter being conjugate with ,, by SYLOW’s theorem.
We may therefore confine our attention to the groups (8°),(9") and (18"). But
T, .. transforms [%, ta, c, a] into [k¢t~?, @, ¢"'c, @] and hence transforms
AV;, into }'171:3 = Hps. In view of the formulse

[K, 4, C, A] [k, a,c,a]
14)
=[K+k+aC—cd—ad’, A+a,C+c+ad, A +a],

[K,4,C,0][k,a,c,0]
(15)
= [K+k+a0;CA,A+a, 0+C,0],

the only self-conjugate operators in either &, or G are [£,0,0,0]. Hence
neither is conjugate with the commutative group A ;. The first two are not
conjugate by §§14-15. For p = 3, this also follows from the fact that /7,
contains operators of period 9, while G,, and K, contain only operators of
periods 1 and 3.

Conjugacy of the operators of H, ; its self-conjugate subgroups.
10. By §5, [ p, ¢, r, ¢] transforms [k, a, ¢, a] into [X', @, c, a], where

k' =k + 2¢c — 2ra — qd® + ¢*a.

Let k, a, c be given. If @ 4 0, we may take ¢ = 0 and choose r to make
k' take any assigned value. If a =0, c 4 0, we can choose ¢ to make %’ arbi-
trary. Hence the operators of H, fall into exactly p* 4+ p — 1 sets of conju-
gates :

{ [ka a, c, a]’ k=0,1,.. wp— 1 } (@, c fived integers not both =10),

{[%,0,0,0]} (k a fized integer).

*Fort=1, (&) is designated also Hys.
+ BURNSIDE, The Theory of Groups, p. 94, Corollary 111
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11. If a self-conjugate subgroup o/ contains the operator [ %', @, ¢, a], where
a and ¢ are not both = 0, it contains every [k, ¢, ¢, a], £=0,1,.-.,p — 1.
By (14), the inverse of the latter is [ — %4, — ¢, — ¢+ @*, —a]. The pro-
duct of the latter by [ K, a,c,a]is [A—%,0,0,0].. Hence J contains
the commutative group generated by [1,0,0,0] and [0, a,c, a]:

(16) Hye = { [k, ra, rc + ir(r—1)a* ra], (k,r=0,1, ..., p—1)}.

For a = 0, the group is (10"). For p =3, a & 0, the group is a cyclic group
of order 9 since [0,a,c,a]*=[—¢%0,0,0].
TreorREM. For p > 2 the group H, has only the following self-conjugate
subgroups in addition to itself, the identity and C, :
if p> 3, K, and p further non-cyclic groups (16) with a 4 0;
ifp=38, K, and 8 cyclic groups of order 9 generated by respectively
(o.1,1,1], [1,-1,1,—1] and [1,1,—1,1].
COROLLARY. For p > 2, H has exactly p + 1 subgroups of order p’.

Conjugacy of the operators of G, ; its self-conjugate subgroups.
12. By § 5, [p, ¢, r, 0] transforms [%, a, ¢, 0] into [%', @, ¢, 0], where
k' =k+ 29c — 2ra. If a and c are fixed marks on the GF [p], p > 2, not
both zero, we can choose ¢ and r to make %’ take any assigned value. But if
a=c=0,then [%, 0,0, 0] is self-conjugate.
Hence the operators of G, fall into exactly p* + p — 1 sets of conjugates :

{[k,a,¢,0],k=0,1,..-,p—1} (a, e, fived integers not both=10),
{[]c,0,0,0]} ( k a fized integer ).

13. If a self-conjugate subgroup J/ of G ; contains one operator [%, a, ¢, 0],
where @ and ¢ are fixed integers not both zero, it contains them all. Also J
contains the inverse [ — %k, — @, — ¢, 0] [see formula (14)]. The product of
the latter by [ X, @, ¢, 0] is [KA — %, 0,0,0]. Hence J contains the com-
mutative group generated by [1,0,0,0] and [0, a,¢,0]:

(17) Ky = {[k,ra,rc,0], (kyr=0,1,...;,p—1)}.

For a = 0, the group is (10"). Whether p =38 or p > 3,.the groups are
non-cyclic.

Turorem. For p = 2, the group G, has as its self-conjugate subgroups,

besides itself and the identity, the group C, and p + 1 non-cyclic commutative
groups (17). It thus has exactly p + 1 subgroups of order p.

Largest subgroups in which G, H s, K . are self-conjugate.

14. TueoreEM. Within G,_,, the group G is self-conjugate only under
the group Gy ,o_1yp-1) O the operators (T) with coefficients modulo p.
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Proceeding as in § 4 with y =0, we must have 4,=0, B,=1, C,=0,
D, = 0 for every set of integers k,a,c. Hence

/3 =0, auslz—'o’au'8u=0; 812'821=O* '812621—0 8120‘21“0 Bm 21 =

If B, 0, then a, =B, = a, =0, so that all the coefficients in the first
column of (1) are zero; hence must B8, = 0. Similarly, 5,=0. Hence (1)
reduces to (7). The latter transforms [%, @, ¢, 0] into [£', @', ¢, 0], where,

by § 4,

k' = ka?, — 2aa, 7y, + 2¢a,a,, @ =aax,3 .y € = ca

n-ee 2 11 22 aall 722'

For general n, the conditions that %', a’, ¢’ shall be integers modulo p, p > 2,
for every set of integers k, a, c, are that a? , a, v,,, @, %, %, 8, @, By @), %y,
and @, ,, shall be integral marks. The same is then true for a, v, and «, J, .
Hence the ratios of the various coefficients of (7) to a,, must belong to the
GF[p]. Hence(7) is the product of an operator with integral coefficients by
Ty, o0, T, an? where o, is integral. We may restrict a,, to the roots of 2’ = v,
where v is a particular non-residue of p. We have therefore the

CorROLLARY. For p > 2 and n even, the group G ; is self-conjugate within
G only under the group G, ,:_y)(,_1) of operators (7) whose coefficients are all
integers or all integral multiples of a square root of a non-residue of p. For
n odd, the group is that in the theorem.

15. TaEoREM. Within @, _,, the group H , is self-conjugate only under
(18) G%zﬂ(p—l) = (Gp‘” Tl,aan,a)‘

Proceeding as in § 4 with y = @, we must have 4,=0, B,=1, 0,=0, D,=0
for every set of integers %, ¢, a. If a linear homogeneous function of
k, c, a, a® is zero for every k, ¢, a, then its coefficients are all zero. The con-
ditions are therefore 8, = 8,=0, ,8,=0,3,8,=0, a,,="0, respec-
tively. Hence 8, =0, so that the transformer must be of the form (7). Then,
asin §4,8,=0, and [%, @, c, a] is transformed into [k, aa, 8,,, ¢, aa},].
Hence must a;; 8, = But @,,8,,=1. Hence a, = a},.

16. THEOREM. Wzthm Q.. the group K is self:conjugate only under
the group Hy pu pe_1yp_y, Of the operators

N
lr a4 Tn % T
0 811 0 812 a8 u + =1, a0y + o159, =0
(] 9) =+ ’ 0ty 0yp + oy Iy =1, agy by + ay 0y =0
Ay Yo % Vo oy Va1 O4g Yo — Gy Y11 — Oap Y1, =0
L 0 821 0 822

and hence is one of (p* —1)[(p — 1) conjugate subgroups.




1903] IN THE QUATELNARY ABELIAN GROUP 381

Proceeding as in § 4 with @ = 0, we find that 4, = 0 for every k, c, y requires
that B8, = B,,= 0. In view of these values, we have B,=1,(,=0,D,=0,
identically. By computation, the operator (1) with 8, = 8,,= 0 is seen to
transform [k, 0, ¢, 4] into

1 K A Cc )

| 0 1 0 0 l

(20) + ]

C —F T

o —4 B 1+ EJ
K= kafl+ fya + 2cau 129 A4=— kau'Bzx_cau ,822—00!12 21"'7“12'822*
(21) = ka21+ 'Yazz + 2ca, Ay P9 C= ka“azl + cay gy + €0 0y + 7%y, %y
B=— kB2l_ 7/822_20182\ '822’ b= kazl le + cazzﬁzl + €y '822+ V%q '822‘

In order that (20) shall reduce to [A, 0, C, T'], it is necessary that
B, = B, = 0 (from B = 0) and sufficient (since then 4 =0, £=10). Then
the transformer becomes (19) on applying the abelian conditions. The first
four of the resulting conditions (19) may be solved and given the equivalent form

(22) au=322/A’ a12=_821/A’ a21=—-812/A, a22=8u/A’ A= 811822 812821

Evidently A is & 0 since it is a factor of the determinant of (19). The num-
ber of sets of integers 5, modulo p for which A + is (p* —1)(p*—p). The
fifth condition' (19) involves the v, linearly with coefficients not all zero, so that
three of the v, are arbitrary. The number of homogeneous substitutions (19)

is therefore p°( p* —1)(p*—p)-

Subgroups of order p* of the commutative group K .

17. Such a subgroup contains, in addition to the identity, only operators of
period p. Hence it is generated by two commutative operators A and B of
period p. The quotient of (p*—1)(p*—p), the number of ways 4 and B
may be selected, by (p*—1)(p*—p), the number of ways a given group
(A, B) can be generated, gives the number p*+ p + 1 of distinct subgroups
of order p*.

Now [p, ¢, », 8] transforms the general operator [%, 0, c, v] of KA, into
[£,0,c,y], where

E=Fk+ 2qc+ ¢*v, c’=c+qy.

If y4 0, we can choose ¢ to make ¢'=0. By (5), the »th power of
[¥,0,0,y]is [7%',0,0,ry]. Hence we can choose [%,0,0,1] as the
first generator. If y =10, ¢4 0, and if p > 2, we can choose ¢ to make
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k" =0. A suitable power of [0,0,¢c, 0] gives [0,0,1,0]. Finally, if
y=c=0,weareledto [1,0,0,0].* With 4=1[%,0, 0, 1], the group
contains a second generator [%', 0, ¢, 0]. We may therefore suppose that the
first generator is [1,0,0,0] or [0,0, 1, 0].

For 4 =11,0,0,0], we may take [0, 0, c,y] as the second generator.
If y=0, a suitable power gives B=[0,0,1,0]. If y<4 0, a suitable
power gives [0,0,c,1]. But [p, g, r, s] transforms A into itself and
[0,0,c,1] into [2gc+ ¢*,0,¢c + ¢,1]. Taking ¢g= —c, we are led to
B=1[0,0,0,1]. The resulting groups are

(23) K,={[k,0,¢,0]}, K={[k0,0,v]}.

For 4 =1[0,0,1,0], we may take [k, 0, 0, v] as the second generator.
The case v = 0 leads to X ;. For vy # 0, a suitable power gives [+, 0,0, 1].
If =0, the resulting group {[0, 0, ¢, y]} is transformed by P, into
{[v,0,¢,0]} = I(P . The case o 3 0 requires detailed study.

We proceed to determine whether or not a group {[ovy, 0, ¢, v]} is conju-
gate within (¢ _, with another such group or with ome of the groups (23). If
(1) transforms [ovy, 0, ¢, y] into an operator 7’ leaving 7, fixed, then (as in
§4 with k=01, a=0)

Az = - O"Y'Bfl - 'Y'sz - i‘)61811612 =0

for every ¢ and y. Hence 8,8,=0, ¢B8? + 8%, =0, so that B8, = B,=0.
We may therefore proceed as in § 16, with & = o+, and impose the conditions
A = B = E that T shall reduce to the form [ K, 0, C,T']. Now

B=— o'%egx - 7'8§2 - 20/821'322 =0

for every c and y requires that 8, = B8, = 0. Hence (1) must become (19).
The condition I" = 0 for every ¢ and v requires a,, = a,, = 0, which is impos-
sible. Hence a group { [ay, 0, ¢, y]} is not conjugate with K ,.

* For the problem of the conjugacy of the cyclic subgroups of order p of K,3, we note that we
may restrict the generators to [1, 0, 0, 0], [0, 0,1, 0], [, 0, 0, 1], where — T i8 a particu-
lar quadratic non-residue of p. Indeed, (19) transforms [%, 0, 0, 1] into K, 0, C, T'], where

7.2 2 _ g2 2
K = kay, + ¢y, C=kay, a5 -+ ayyay, T =kay + az.

But for any set of integers a; such that A, = a, a,,—a,,a, is 4 0, there exists a substitution
(19). If —Fk isa quadratic residue or 0, the conditions K=rT', C=0, A, & 0 become

ka? 4 22 —1ky?—1 =0, kay+2=0, x—yz#‘o,

upon setting @, = za,,, ¢, =ya,,, ¢, = 2a,,, and noting that a,, &= 0. Eliminating z, we ges
(kat—71)(ky?+1)=0, =z(1-+4+ky?)=0.

Hence the conditions can be satisfied if and only if 7/k is a residue, i. e., if — 7 is a non-residue.
A suitable power of [T', 0, 0, I'] gives [7, 0, 0, 1].
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The condition C' = 0 for every c and vy requires
(24) oay, oy + aya, =0, Oy + 0 = 0.

Taking a,, and a,, as the unknowns, not both of which are zero by (19), we see
that the determinant oo, — o, is zero. Taking a, and a,, as the unknowns,
the determinant oa?, — al, = 0. Hence ¢ must be a square. With this con-

dition satisfied, we have a,, = sa, , a, = — sa,, the sign following from either
condition (24). The abelian conditions (19) then give
821 = 3822’ 811 = 3812’ — 2say, 812 =1, 280‘21 822 =1,

with a linear relation on the vy,;. The resulting p*(p —1)* operators of @,_,
transform { [s*y, 0, ¢, v]} into K.
In order that (19) shall transform

{[0‘7, 0,c, '7] } into { [0'1'71’ 0, Cs '71] }
where o and o, are not-squares, it is necessary and sufficient that K = o T", viz,,
2 2 2 2
O"Yall + 'Yal2 + 26(111 alZ = o.l(o.‘ya2l + 'ya22 + 2ca21 a22)’
for every ¢ and y. The conditions are
a.a,=a a.a cal + a? =o,0d + 7, a2
117712 T 1 21 220 11 12— 71 21 17722°

Squaring each, we find that

2

2 2 a2
oay, —ap = + a-l(o-aZI azz)’

Hence 20a?, equals either 20 ga?, or else 20, a?,. The first case is excluded
11 1 21 1722

since o, is a not-square and a,; and a, are not both zero in view of the abelian
conditions. Hence a,, = sa,,, where s’ = 0o /o,. Whether a, is zero or not,

we have a,, = so,a,. Since

— _ — ey 2
A =oayay—a,0,=sd —soa +0,

11 1721

the 8, are uniquely determined in terms of the a, by the conditions (19):

822 = all/Al’ 821 = salazl/Av 812 = aZI/Al’ 811 = sall/Al'

There remains a linear relation on the y;. Since A, 4 0 requires merely that
a,, and a, shall not both vanish, the number of operators transforming the group
given by o into that given by o, is p*(p* — 1).

CoroLLarY. The group K= {[ovy,0,¢c,v]}, where o is a particu-
lar not-square, is self-conjugate only under a group of order p*(p* — 1).

18. TuEoREM. Within G,_,, the group K, is self-conjugate only under
Gyyrp- Within G for n odd, it is self-conjugate only under the group of
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operators (6) with a,, and a,, integers. Within G for n even, it is self-conju-
gate only under the group of operators (6) with o}, and a, a,, integers.
We proceed as in § 4 with a =y =0. Then

= —kB}, — 20611'312* B, =1+ ka, 8, + cay By, + ¢B, 2,

g =
02 = kBuBm - 0,3“622 - 6'812'821’ Dz = kBu %y + cleuazz + caztﬁm‘

The condition 4,= 0 for every % and c requires that 3, =0. Then B,=1
gives a,8,=0, C,=0gives 8,8, =0, D,=0 gives o, 8,=0. Hence
B, = 0. DProceeding as in § 16, we must have 4, B, I', £ all zero for every
kand ¢c. Now

. 2 — 2 9 —_ — —
B— - kBZl 2CBZI 322’ F_ La21 + Hcaﬂ a22’ A - kallBZI call 22 calZ 21°

Hence 8, =0,a, =0, a,8,=0. Ifa, =0, all the coefficients in the first
column of (1) would vanish; hence 8,,= 0. The abelian conditions now give

a,8,=1, 8,0,=0, a8, +a,8,=1, «,8, + «,8,=0.

Hence 8, = 0, so that the transformer reduces to (6). Further,
E=0, K = ko?, + 2cay a,, C = ca, 0,

Hence A and C are integers for every k and c if and only if o?, and o, a, are
integers. If # be odd, a;,, must be an integer.

19. TaeorEM. Within G, _, the group K ,* is self-conjugate only under
the group H s, . of the operators

Irall 'YII O 'ylz I'O aZ_ll alz 722 a12 712 |

| 0 ot 0 o0 | 0 0 0 af
@) U=x| Ve ]

‘ O al 1 a22 712 a22 fy22 a?l 721 O 722 |

L0 0 0 o) J| ILO a;! 0 0 J

Proceeding as in § 4 with ¢ =c =0, we find that 4,= —kB} — yB}, =0
for every k and vy requires that 8, = 8,,=0. Then B,=1, C,=0,D,=0,
identically. Proceeding as in § 16, with also ¢ = 0, we have

B=— ]”'3221 - %332’ C= kau e il AP

Then B =10, C=0,forevery k and v, give B, = 8,=0, a,,a, = a,a,=0.
Then 4 =0, £ =0, identically. The transformer is thus of the form (19).
If o, 4 0, then

4:0,(112=0 S, =0 ) =0,a”8u=a22822=1.

’ F21 V12

a,=0,a

22
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If @, = 0, then
a21=1=0,a12=|=0,a22=0,8u=0 ) =0,a ,=a 8 =1.

v 22 12 712 21 721

The operators U form the group (K ,, 7} , T,

28 “l,an 2,u22)‘

given uniquely by the products UP,, [or also by P, U].

The operators V are

The types of non-conjugate subgroups of order p*in G, _,.

20. By § 9, we may confine the discussion to the subgroups of H ;, G; and
K. Each of these three groups has the self-conjugate subgroup &£ ,. By §11
the only additional subgroups of order p? in H ; are, for p >3, the p non-cyclic
groups F%°, with a % 0, and, for p = 3, 3 cyclic groups of order 9. The latter
are all conjugate within @, , each being self-conjugate only in a group of
order 27.* Hence these cyclic groups are all conjugate and each is self-conju-
gate only under the group H, .

Now [p, ¢, r,s] transforms [%, pa, 3, pa] into [£', pa, c¢’, pa], where
¢ =8+ pga — psa. For the groupst (16), a 0, §=pc+ Lp(p—1)a’
Taking s=0, ¢g= —c/a, we have ¢’ =1p(p —1)a’. Hence the groups
H4¢y a % 0 are all conjugate with

(16") Hu'= {[k, pa, 3p(p—1)a*, pa], (k,p=0,1,-..,p—1)}.

To find the group transforming (16”) into itself, we proceed as in § 4 and
find that the transformer must be of the form (7) with 8,,= 0. The latter
transforms the general operator of (16”) into [%’, paa,,d,,, ¢, paal, ], where

¢ =3p(p—1)a*a,a, — pacy, v, + pac,a,.
Hence must a,8,, = al,, ¢ = 1pal,(pal, — 1)a’. Since @,,6,, =1, we get
oy = agz s T %aagz = — 0y Yoy F %y — %aau Ogge
Hence (167) is self-conjugate only under a subgroup of order 3 p*(p — 1) of

a=1"*

The group G ; contains in addition to &, only the p groups (17) with a 4 0.
Transforming [ £, ra, rc, 0] by the general operator (T) of the largest subgroup
in which Gps is self-conjugate, we obtain [ %', ra’, »¢’, 0], where

’ ’
a = aau322 — €% Pgoy C = Cy Uyy — ARy, Vo ) 822 - '822'722 =1

Since @ 4 0, we can determine a,,, 3,,, v,,, 0,, so that these three conditions
are satisfied, whatever be the values, not both zero, of @’ and ¢’. Thus

822 = (a/ + Call 622)/aa11' ry22 = (call a22 - c’)/aall

*Transactions, vol. 2 (1901), p. 138. This also follows from the discussion of (16”).
+ We now write p instead of r, to avoid confusion with the new r.




386 L. E. DICKSON: SUBGROUPS OF ORDER A POWER OF p

from the first two, so that the third reduces to a’a,, + ¢'B,, = aani. Each of the
groups is therefore conjugate with { [£', 0, ', 0], (', r=0,1,.--,p—1)}.
Hence the p + 1 subgroups of order p* of G, are conjugate within G,_,.

Finally, the p*+ p 4+ 1 subgroups of order p® of K, are conjugate with
K,, K.or K= {[ay,0,c, v]}, the latter being conjugate with neither of
the first two (§ 17). Since these groups are self-conjugate only under subgroups
of orders 3 p*(p — 1), p*(p —1)% p?(p*— 1), respectively (§§ 17-19), while
for (16") the order is 1 p*(p — 1), no two of these four groups are conjugate.

THEOREM. For p = 3, there are exuctly four types of non-conjugate sub-
groups of order p* of the group G _,.
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